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The thermal regulation problem for a lithium ion (Li-ion) battery with boundary control actuation is considered. The
model of the transient temperature dynamics of the battery is given by a nonhomogeneous parabolic partial differential
equation (PDE) on a two-dimensional spatial domain which accounts for the time-varying heat generation during the
battery discharge cycle. The spatial domain is given as a disk with radial and angular coordinates which captures the
nonradially symmetric heat-transfer phenomena due to the application of the control input along a portion of the spatial
domain boundary. The Li-ion battery model is formulated within an appropriately defined infinite-dimensional function
space setting which is suitable for spectral controller synthesis. The key challenges in the output feedback model-based
controller design addressed in this work are: the dependence of the state on time-varying system parameters, the restric-
tion of the input along a portion of the battery domain boundary, the observer-based optimal boundary control design
where the separation principle is utilized to demonstrate the stability of the closed loop system, and the realization of
the outback feedback control problem based on state measurement and interpolation of the temperature field. Numerical
results for simulation case studies are presented. VC 2013 American Institute of Chemical Engineers AIChE J, 59: 3782–

3796, 2013
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Introduction

The development of Lithium-ion (Li-ion) battery technol-
ogy is one of the most important fields in the emerging
global market for advanced energy storage devices, and there
continues to be an intensive research effort within this area
to meet the current and future demands of consumers and
industry which utilize this technology. Presently, Li-ion bat-
tery technology has been widely adopted for use in personal
electronics, and is also the most promising candidate for use
in electric vehicles (EVs) and hybrid electric vehicles
(HEVs), because of their advantageous characteristics in
terms of energy density, capacity, voltage, charge retention,
low self-discharge rate, and stability, compared to other
rechargeable types such as lead–acid, nickel–metal hydride,
or zinc–halogen batteries.1 One of the key issues in the
application of the technology to high-performance electronic
devices, HEVs, and EVs, is battery thermal management. At
high-discharge rates, Li-ion batteries generate a significant
amount of heat which can detrimentally affect the overall
performance of the devices. Excessive heat and uneven
temperature distributions prolonged over time can cause
damage to the battery resulting in decreases in capacity,
charge retention, battery lifespan, and physical deformations
of the battery itself. Under more extreme conditions, the

battery can undergo thermal runaway, which may result in
the rupture of the battery casing, explosion, and ignition of
the flammable electrolytes.2,3

There is a large amount of literature focused on the ther-
mal analysis of Li-ion batteries which employ experimental
and computation techniques to model the complex electro-
chemical reactions responsible for heat generation under a
variety of operating conditions.4–6 In conjunction with these
studies, there are complementary works discussing various
approaches in the thermal management of Li-ion batteries.1,7

The primary means of temperature regulation are typically
through exclusive and combinations of passive and active
control strategies each involving air for heating/cooling, liq-
uid for heating/cooling, and also the use of phase change
materials (PCMs). The implementation of any of the afore-
mentioned control methods is dependent on a number of fac-
tors including the battery system setup (e.g., single cell,
battery pack, and shape), which affects the feasibility of
heating/cooling system design. In all cases, model-based
control design has the potential of enhancing these existing
methodologies by improving controller performance.

Control design based on lumped-parameter models of
systems has been widely adopted in industry and success-
fully applied to many chemical and materials engineering
processes. On the other hand, control design methods based
on PDE models, while less popular, are advantageous for
processes such as the regulation of the temperature distribu-
tion in Li-ion batteries in which the distribution of the state
is a critical factor. There are several approaches to the PDE
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model-based control design such as modal analysis and early
lumping methods,8 proper orthogonal decomposition,9 back-
stepping methods,10,11 and other methods including the use
of infinite-dimensional systems theory.12–16 While each differ
in the abstract representation of the physical system, all of
the approaches face similar challenges in terms of fundamen-
tal control concepts such as stabilization, optimality, state
measurement, and observer design. These mathematical
issues must be reconciled with practical considerations such
as the placement of actuators and sensors, despite the added
complexity even in considering simplified linear PDEs mod-
els in higher spatial dimensions.

In this work, we focus on the model-based control design

for a Li-ion battery thermal regulation problem. The dynam-

ics of the battery temperature distribution are modeled by a

linear nonhomogeneous parabolic PDE on a two-dimensional

(2-D) spatial domain given as a disk region with radial and

angular coordinates. We consider the case in which control-

ler action is restricted to a portion of the boundary, which

reflects more realistic thermal management system design

considerations where physical limitations prohibit the place-

ment of internal actuators in the battery cell itself, or along

the entire boundary. The nonradially symmetric temperature

distribution due to the application of the control input along

a portion of the spatial domain boundary also provides a

clearer picture of the heat-transfer phenomena for the ther-

mal regulation problem. The approach to the controller

design is based on the infinite-dimensional system represen-

tation of the PDE boundary control problem.15,17–20 There

are several key challenges in this context with regards to the

model and system setup considered in this work. First, time-

varying state (temperature) dependent and state independent

heat generation terms, due to the underlying exothermic

electrochemical reactions, are present in the model and are

sources of instability which must be properly regulated by

the controller. Second, the restriction of the input to a por-

tion of the boundary represents a boundary control problem

and requires the reformulation of the system for the purpose

of controller design. The third primary challenge is the state

measurement problem. In practice, the temperature distribu-

tion of the whole system is not directly known and must be

estimated by measurements taken at the boundary of the sys-

tem, and/or measurements by sensors located at points within

the domain from which the temperature field can then be

approximated. We provide the observer-based control formu-

lation for the boundary control problem and demonstrate that

the stability of the closed loop system is achieved by the

optimal design of the controller and observer gain operators

using the separation principle for the boundary control sys-

tem. As an alternative approach, we also provide the output

feedback control design based on the combined use of static

measurements and interpolation of the temperature field

which provides a robust and physically realizable pragmatic

method for the realization of the Li-ion battery thermal regu-

lation boundary control problem.
This article is organized as follows: The next section

provides an overview of the PDE model of the battery tem-
perature dynamics. The following section deals with the
infinite-dimensional system representation of the boundary
control problem which yields a suitable form for the state
estimation and output feedback controller design described
in section State Estimation and Output Feedback Control.
The next section provides numerical simulation results for a

set of case studies carried out to compare the controller for-
mulation under different tuning parameters and the overall
behavior of the closed loop feedback system.

Model Description

Li-ion batteries consist of three primary active compo-
nents: a carbon anode, a metal oxide cathode, and a lithium
salt in an organic solvent which serves as the electrolyte,
and a nonactive current collection component. The anode
and the cathode are separated by a thin sheet of micro-
perforated plastic which prevents contact between the posi-
tive and negative electrodes while allowing ions to pass
through. During the charging of the battery, lithium ions
move from the cathode to the anode, and vise versa during
the discharging of the battery, electrons travel through an
external circuit which produces an electrical current through
the collection layer, and heat within the battery enclosure is
generated by the combination of this flow of electrons along
with entropy changes of each of the reactive species. The
electrochemical reactions during the charging and discharging
of the battery are described by a set of half-reactions which
occur at the cathode and anode. For a Li-ion battery which
uses lithium-nickel-manganese-cobalt-oxide (LiNiMn 2CoO 2)
as the cathode material, the cathode half reaction is

Li 0:5CoO21xLi 11xe2
�

charge

discharge
Li0:51xCoO 2

The anode half reaction is

LiC 6 �
charge

discharge
Li122xC612xLi 112xe2

The overall reaction is given by

2Li 0:5CoO21LiC6 �
charge

discharge
2Li 0:51xCoO21Li122xC6

The entropy changes of each of LiNiMnCoO 2, LiC 6, and
LiCoO 2 have been experimentally determined as functions
of the battery cell state of charge (SOC), and the current i,
and are dependent on time according to the known battery
rate of discharge.21–23 The SOC refers to the chemical oxida-
tion state of the active materials in the battery system which
is measured as a fraction of the maximum capacity. The
SOC decreases as the battery is discharged, and increases
during charging. The rate of discharge relative to the maxi-
mum capacity is measured in terms of the C-rate. During
thermal testing, batteries are discharged at various C-rates,
and the surface temperatures are measured to determine the
entropy changes, SD tð Þ, in terms of the SOC with respect to
the rate at which the battery is discharged.* The model of
the battery temperature dynamics in this section is given in
Ref. 24 and references therein. In particular, SD tð Þ is
obtained from experimental studies, cited in that paper, of
the particular battery system at a specified discharge rate
which provide a priori knowledge of the time-dependent
heat generation terms of the PDE model such that no online
estimation of the associated entropy changes are required in
the controller design considered in this work. On the other

*For example, a 1C rate implies that the chosen discharge current will

deplete the battery charge in 1 h. A battery with a 100 Amp-h capacity

rating is discharged at a current of 100 A (i.e., at a 1C discharge rate),

such that the SOC at the 30-min mark is 0.5.
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hand, online estimates of the rate of heat release can easily
be combined with the approach taken in this current article.
The model and subsequent controller design are also appropri-
ate for use in describing the temperature dynamics during dis-
charge–recharge cycling by extension of the experimental
results to provide SD tð Þ for the battery discharge–recharge
cycle. However, this current article will only focus on the
thermal regulation problem for the discharge part of the cycle.

The energy balance model for the transient temperature
Z n; tð Þ in a spatial region X 2 RN with points n, and bound-
ary @X, is described by the parabolic PDE

qCp
@Z

@t
5r � K0rZð Þ1 _Q Z; n; tð Þ; for n 2 X; t 2 0;Tð �

2K0

@Z

@n
5 h Z2Zað Þ; for n 2 @X; t 2 0;Tð �

(1)

where r is the gradient operator. The index T denotes the
time at which the battery is depleted SOC 50ð Þ. The heat
generation term _Q is given by

_Q5
i2

rcon

2ZSD tð Þ i

nRF
; for SD tð Þ5

X
k

SD;k tð Þ (2)

where SD;k tð Þ is the entropy change for the kth species shown

in the Figure 1.24 It will be convenient to work with the

dimensionless form of the problem for the remainder of this

work. Normalization with ~t5tj=jnj2, ~n5n=jnj, z n; tð Þ5
Z2Zað Þ=Za, and dropping the tildes yields the dimensionless

form of the PDE

@z

@t
5r2z1g tð Þz1q tð Þ for n 2 X; t 2 0; Tð �

2brz 5 z for n 2 @X; t 2 0; Tð �
(3)

where j5K0=qCp, g tð Þ52SD tð ÞiVZ2
a=nRFK0, q tð Þ5ZaVi2=

K0rextcon 2SD tð ÞZ2
a Vi=nRFK0, and b5K0=hZ2

a .

Li-ion battery units are manufactured in a variety of config-
urations with various geometries including rectangular
parallel-piped and cylindrical forms. Batteries with cylindrical
geometry are constructed with thin layers of the cathode, sep-
arator, current collector, and anode, which are spirally wound
and inserted into a cylindrical can. The battery geometry con-
sidered for the remainder of this work is the unit disk depicted
in Figure 2 where n5 r; hð Þ, 0 � r � 1, 2p � h � p, and X :
5 0; 1ð Þ3 2p;pð Þ where the spirally wound layers make up
the homogeneous disk region. The physical properties of the
battery are taken according to the proportion of each compo-
nent present in the battery, see Table 4.24 Although the disk
itself is taken to be radially symmetric, we do not assume the
temperature distribution of the disk to be radially symmetric.
The PDE system is then given by

Figure 1. Entropy changes for LiCoO 2, LiC 6, LiNiMn 2CoO 2, and the total entropy change DS, as functions of the
state of charge (SOC).24
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@z

@t
5 A r; h; tð Þz1q tð Þ; r; hð Þ 2 X; t 2 0; Tð �

z r; h; 0ð Þ5 z0 r; hð Þ; r; hð Þ 2 X; t 5 0

(4)

where z0 is the initial condition and the operator A r; h; tð Þ is
defined as

A r; h; tð Þ5 1

r

@

@r
r
@

@r

� �
1

1

r2

@2

@h2
1g tð Þ (5)

The boundary conditions are given by

z r;2p; tð Þ5z r;p; tð Þ; @z

@h
r;2p; hð Þ5 @z

@h
r; p; tð Þ;

0 < r < 1; t 2 0;Tð �
@z

@r
0; h; tð Þ50; b

@z

@r
1; h; tð Þ1z 1; h; tð Þ5bctr hð Þu tð Þ;

2p < h < p; t 2 0; Tð �

(6)

where z r; h; tð Þ is bounded at the origin r 5 0, that is,
jz 0; h; tð Þj <1. As previously mentioned, in many applica-
tions, physical limitations may prohibit the input from being
applied to the entire domain boundary. To reflect this restric-
tion, we consider the case in which the input is applied at
r51 over a region of the boundary � 2 2p;pð Þ and centered
at hctr as depicted in Figure 2 such that

bctr hð Þu tð Þ5
u tð Þ for h 2 hctr 2�=2; hctr 1�=2½ �

0 for h 62 hctr 2�=2; hctr 1�=2½ �

(

(7)

In this form, the function bctr hð Þ5H h2 hctr 2ðð
�=2ÞÞ2H h2 hctr 1�=2ð Þð Þ, where H hð Þ is the Heaviside step
function, and has discontinuities at h5hctr 2�=2 and
h5hctr 1�=2. In practice, it is usually not possible for the
input to be uniformly applied over the interval. Also,
dH hð Þ=dh5d hð Þ, where d hð Þ, which is the delta function, is
not differentiable which introduces some mathematical tech-
nicalities. In particular, the formulation of the control prob-
lem will require a continuous second-order derivative of
b hð Þ. A more realistic assumption which remedies both the
practical and technical issues which is utilized in this work
is where bctr hð Þ is given by

bctr hð Þ5
1

11e22K1 h2hctr 1�=2ð Þ2
1

11e22K1 h2hctr 2�=2ð Þ for h 2 hctr 2�=2; hctr 1�=2½ �

0 for h 62 hctr 2�=2; hctr 1�=2½ �

8<
: (8)

The functions in Eq. 8 approximating the Heaviside func-
tions are referred to as logistic functions where the parame-
ter K1 affects how steeply the function increases and
decreases, and have continuous second-order derivatives.
One can view bctr hð Þ as a type of shaping function which
determines the range and “shape” by which the input is
applied on the boundary.

Boundary Control and Infinite-Dimensional
System Representation

The PDE system in Eqs. 4–6 represents a boundary con-
trol problem where the input appears as an inhomogeneous
term in the boundary condition. In this section, the problem
is reformulated by means of a state transformation such that
the resulting system has homogeneous boundary conditions.
The corresponding infinite-dimensional system representation
of the problem as an abstract evolution system on a Hilbert
space is then provided. Consider the transformation by defin-
ing the new variable

v r; h; tð Þ5z2b r; hð Þu tð Þ; where b r; hð Þ5bctr hð Þ r2

2b11

(9)

such that b r; hð Þu tð Þ satisfies the radial boundary conditions.
The initial and boundary control problem in Eqs. 4–6 is
transformed to the PDE system in terms of v with homoge-
neous boundary conditions

@v

@t
5A r; h; tð Þv2b r; hð Þ _u tð Þ1A r; h; tð Þb r; hð Þu tð Þ1q tð Þ;

v r; h; 0ð Þ5v0 r; hð Þ v r;2p; tð Þ5v r;p; tð Þ;
@v

@h
r;2p; tð Þ5 @v

@h
r;p; tð Þ @v

@r
0; hð Þ50;

b
@v

@r
1; hð Þ1v 1; hð Þ50

(10)

where A r; h; tð Þ is given in Eq. 5 and

A r; h; tð Þb r; hð Þu tð Þ5 bctr hð Þ
2b11

41l hð Þ1r2g tð Þ
� �

u tð Þ; with

l hð Þ5b21
ctr hð Þ d

2bctr

dh2

(11)

One can note that for h 62 hctr 2�=2; hctr 1�=2½ �, the func-
tion determining the boundary region on which the input is

Figure 2. Battery system schematic with boundary
actuation.
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applied becomes bctr hð Þ50, so that v r; h; tð Þ5z r; h; tð Þ, which
corresponds to the PDE system in Eqs. 4–6.

The Fourier–Bessel expansion of the initial data v0 r; hð Þ is
given in terms of the double set of eigenfunctions / 1ð Þ

mn and
/ 2ð Þ

mn of A r; h; tð Þ where

v r; h; 0ð Þ5
X1

m50;n51

Amn/
1ð Þ

mn1Bmn/
2ð Þ

mn

� �
5v0 r; hð Þ (12)

The eigenfunctions obtained from the nontrivial eigenvalue
problem for A r; h; tð Þ are expressed as the combination of

Bessel functions and trigonometric functions where Jm am;nr
� �

,

m50; 1; 2;…, n51; 2;… are Bessel functions of the first

kind of order m, and where / 1ð Þ
mn and / 2ð Þ

mn are given by

/ 1ð Þ
mn5

ffiffiffi
2

p

r
Jm am;nr
� �

jJm11 am;n

� �
j
cos mhð Þ; and

/ 2ð Þ
mn5

ffiffiffi
2

p

r
Jm am;nr
� �

jJm11 am;n

� �
j
sin mhð Þ

(13)

The zeros the Bessel functions denoted by am;n determined
from the transcendental equation

b
2

Jm21 am;n

� �
2Jm11 am;n

� �� �
1Jm am;n

� �
50 (14)

The coefficients Amn and Bmn are determined using ortho-
gonality relations with

Amn5

ffiffiffi
2

p

r
1

jJm11 am;n

� �
j

ð
X

v0 r; hð ÞJm am;nr
� �

rcos mhð Þdhdr

5hv0;w
1ð Þ

mni

Bmn5

ffiffiffi
2

p

r
1

jJm11 am;n

� �
j

ð
X

v0 r; hð ÞJm am;nr
� �

rsin mhð Þdhdr

5hv0;w
2ð Þ

mni
(15)

The adjoints w ið Þ
mn (i 5 1, 2) are orthonormal to the respec-

tive / ið Þ
mn, i51; 2 in Eq. 13, that is, for m; k � 0 and n; l � 1

h/ ið Þ
mn;w

ið Þ
kl i5dmkdnl (16)

The zeros of the Bessel function am;n > 0 for m50; n � 1
are simple and correspond to radially symmetric eigenfunc-
tions, while am;n > 0 for m � 1; n � 1 forms a double set
and corresponds to a double of linearly independent eigen-
functions with dependence on the angular variable. Together,
the eigenfunctions / ið Þ

mn and w ið Þ
mn form an orthonormal basis

of the Hilbert space L2 Xð Þ on which any z r; h; tð Þ 2 L2 Xð Þ
can be represented by an infinite Fourier–Bessel series
expansion.

Infinite-dimensional system representation

The thermal regulation problem, specifically the PDE
model of the battery temperature dynamics, can be repre-
sented as an abstract initial value problem on an infinite-
dimensional state space of functions which is analogous to
the representation of ordinary differential equations on a
finite-dimensional vector space. Moreover, this type of repre-
sentation provides a convenient form to study the dynamics
of the system and also to consider the output feedback con-
troller design problem. Let us briefly depart from the battery
thermal regulation problem and introduce the function space

setting in which the infinite-dimensional system representa-
tion of the boundary control problem is considered.

Let X be a spatial domain in RN with points n, volume
element dv, and boundary @X. The letters s; t 2 0; T½ � will
denote the time indices where 0 � s � t � T <1. General
Banach spaces will be denoted by the calligraphic letters, for
example, Z with norm jj � jj. The set of bounded linear oper-
ators F : Z ! Y is denoted L Z;Yð Þ, and F : Z ! Z as
L Zð Þ. For functions z 2 Z, we denote C 0; T½ �;Zð Þ as the
class of all continuously differentiable functions defined for

t 2 0;T½ � and taking values in Z. The space L2 Xð Þ is the
standard space of square integrable functions, and is a Hil-

bert space with the inner product hu; vi5
Ð
Xu nð Þv nð Þdv.18 For

time-dependent functions, we denote L2 0; T½ �;Zð Þ as the set

of all functions z taking values in Z and jjz n; tð Þjj2Z square

integrable in 0;T½ � with the norm jjzjjL2ð½0;T�;ZÞ5� Ð T
0
jjzðn; tÞjj2Zdt

�1=2

. Unless specified otherwise, we denote

jj � jj as the L2 Xð Þ norm.
Parabolic PDEs can be represented in this function space

setting as general abstract initial value problems in the form

_z tð Þ5A tð Þz tð Þ; z 0ð Þ5z0 (17)

where the nonautonomous operator A(t) is associated with
the PDE spatial operator and a domain D A tð Þð Þ densely
defined in the state space Z, which is usually a Hilbert
space.17,19 The solution of initial value problems with nonau-
tonomous operators as in Eq. 17 are expressed in terms of
two-parameter semigroups which determine the evolution of
the state on Z. Formally, we define this operator as follows
[Ref. 17, Theorem, 6.1, Chapter 5.6].

Definition 1. A two-parameter semigroup U t; sð Þ, 0 � s �
t � T is a family of bounded linear operators on Z which
satisfies: (i) jjU t; sð Þjj � C where C is a positive constant;
(ii) t; sð Þ ! U t; sð Þ is continuous in the uniform operator
topology; and (iii) for 0 � s � s � t � T, we have U t; tð Þ5I,
U t; sð Þ5U t; sð ÞU s; sð Þ, and

@U t; sð Þ
@t

5A tð ÞU t; sð Þ; @U t; sð Þ
@s

52U t; sð ÞA sð Þ

The two-parameter semigroup U t; sð Þ is often referred to
as an evolution operator due to the property (iii) in Defini-
tion 1. The solution of the initial value problem in Eq. 17 is
expressed in terms of this operator

z tð Þ5U t; sð Þzs; z sð Þ5zs 0 � s � t � T (18)

Remark 1. As a brief example, consider the distributed
control problem for the one-dimensional heat equation on
the domain X : 5 0; 1½ �

@z

@t
5a tð Þ @

2z

@n2
1u n; tð Þ; z n; 0ð Þ5z0 nð Þ;

@z

@n
0; tð Þ505

@z

@n
1; tð Þ

(19)

where u n; tð Þ is the input distributed over X. The time-
dependent coefficient a tð Þ describes processes in which the
conductivity or diffusivity changes over time, for example,
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where catalyst activation/deactivation is present,25 and in
models of moisture sorption in composite materials.26

Assume first that u n; tð Þ50. The solution z n; tð Þ is given by

z n; tð Þ5U t; 0ð Þz05
X1
n50

e
Ð t

0
kn sð Þdshz0 nð Þ;/n nð Þi/n nð Þ (20)

where /n nð Þ5
ffiffiffi
2
p

cos npnð Þ are the eigenfunctions and

kn tð Þ52a tð Þ npð Þ2 are the eigenvalues. The PDE in Eq. 19
can also be represented as the evolution system

_z tð Þ5A tð Þz tð Þ1Bu tð Þ on the state space Z5L2 0; 1½ �ð Þ, where

A tð Þz5a tð Þ @2z=@n2
� �

and B 5 I. Note that the eigenfunctions

form an orthonormal basis of Z. Defining the state
z tð Þ : 5 z nð Þ½ � tð Þ, the solution of Eq. 19 is expressed as

z tð Þ5U t; 0ð Þz01

ðt

0

U t; sð Þu sð Þds

where the operator U t; sð Þ, 0 � s � t � T is the two-
parameter semigroup which describes the state evolution on
Z from any initial state zs 2 L2 Xð Þ and is given by (cf.
Eq. 20)

U t; sð Þzs5
X1
n50

e
Ð t

s
kn sð Þdshzs;/ni/n (21)

One can verify that the operator in Eq. 21 satisfies the
properties in Definition 1.

The following section deals with the representation of the
battery thermal regulation problem within this infinite-
dimensional systems framework. The use of boundary actua-
tion to control the temperature requires some modification to
the above procedure. Specifically, one considers the transfor-
mation of z r; h; tð Þ in the original PDE system in terms of
v r; h; tð Þ given in Eq. 9.

Boundary control formulation as an infinite-dimensional
system

Consider the boundary control problem on the state space
Z5L2 Xð Þ with states z tð Þ5 z r; hð Þ½ � tð Þ such that the system in
Eqs. 4–6 is represented as the initial value problem

_z tð Þ5A tð Þz tð Þ1q tð Þ; z 0ð Þ5z0; Bz tð Þ5bctr u tð Þ (22)

with nonautonomous differential operator A tð Þ5A r; h; tð Þ

A tð Þ : 5
1

r

@

@r
r
@

@r

� �
1

1

r2

@2

@h2
1g tð Þ (23)

The domain D A tð Þð Þ � Z is defined as

D A tð Þð Þ5 z 2 Z
				z; @z

@r
;
@z

@h
are a:c:;

@2z

@r2
;
@2z

@h2
2 Z;




and
@z

@r
0; h; tð Þ50

� (24)

The boundary operator B : Z ! R is defined as

Bz5b
@z

@r
1; h; tð Þ1z 1; h; tð Þ; D A tð Þð Þ � D Bð Þ (25)

Let us define the associated operator A(t) on Z with domain
D A tð Þð Þ5D Að Þ \ kerB5 z 2 D A tð Þð Þ=Bz50f g given by

D A tð Þð Þ5 z 2 Z

				z; @z

@r
;
@z

@h
are a:c:;

@2z

@r2
;
@2z

@h2
2 Z;




and
@z

@r
0; h; tð Þ50; b

@z

@r
1; h; tð Þ1z 1; h; tð Þ50

�
with A tð Þz tð Þ5A tð Þz tð Þ in D A tð Þð Þ

(26)

Let B5 b r; hð Þ½ �5bctr hð Þr2= 2b11ð Þ, where B 2 L2 Xð Þ is
continuous and bounded for all r; h 2 X and satisfies

B Bu tð Þð Þ5bctr hð Þu tð Þ; for all u tð Þ 2 R (27)

Using the transformation in Eq. 9 with v tð Þ5z tð Þ2Bu tð Þ,
the boundary control problem for the PDE system in Eq. 10
is represented as the nonautonomous infinite-dimensional
system with state v tð Þ5 v r; hð Þ½ � tð Þ

_v tð Þ5A tð Þv tð Þ2B _u tð Þ1A tð ÞBu tð Þ1q tð Þ (28)

The operator A(t), 0 � s < t � T, is given by

A tð Þv tð Þ5
X1

m50;n51

kmn tð Þhv tð Þ;wmni/mn

where

kmn tð Þ52a2
m;n1g tð Þ; wmn5

w 1ð Þ
mn

w 2ð Þ
mn

0
B@

1
CA; and

/mn5

/ 1ð Þ
mn

/ 2ð Þ
mn

0
B@

1
CA

(29)

The operator A(t) generates the two-parameter semigroup
U t; sð Þ, 0 � s � t � T given by

U t; sð Þv sð Þ5
X1

m50;n51

exp

ðt

s

kmn sð Þds


 �
hv sð Þ;wmni/mn (30)

The analytic form of the two-parameter semigroup gener-
ated by the nonautonomous operator A(t) resembles the form
of the standard one-parameter semigroups generated by anal-
ogous autonomous operators on a Hilbert space.15 One can
note that for each t 2 0;T½ �, the operator A(t) is the infinitesi-
mal generator of an analytic semigroup St sð Þ; s � 0.17 For all
t 2 0 � s � t � T, the operator U t; sð Þ determines the state
evolution according to the previous definition.

Proposition 1. The operator U t; sð Þ in Eq. 30 satisfies (i)–
(iii) of Definition 1.

The proof of Proposition 1 is provided in the Appendix.
The solution of the initial value problem corresponding to
the transformed system in Eq. 28 is expressed as

v tð Þ5U t; sð Þvs2

ðt

s

U t; sð ÞB _u sð Þds1

ðt

s

U t; sð ÞA sð ÞBu sð Þds

1

ðt

s

U t; sð Þq sð Þds

(31)
Then, the solution of the original system is given by

z tð Þ5Bu tð Þ2U t; 0ð ÞBu 0ð Þ1U t; 0ð Þz02

ðt

0

U t; sð ÞB _u sð Þds

1

ðt

0

U t; sð ÞA sð ÞBu sð Þds1

ðt

0

U t; sð Þq sð Þds

(32)
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Equation 32 is provided in terms of the boundary input
u(t) as well as its derivative _u tð Þ. Problems of this type have
been considered by extension of the state space to include
the input space U, that is, on the extended state space
Ze : 5L2 Xð Þ�R. In this way, the controller design is based
on the extended system which is driven by integral action
via the derivative of the input _u tð Þ, and the input u(t) is then
determined by integration.15 On the other hand, the control-
ler can be designed based on the input itself provided that
the system is well defined for u tð Þ 2 U (in practice, the input
space is typically defined as U5R), and square integrable
over t 2 0;T½ �. This condition is formally stated by the fol-
lowing Proposition which will be utilized in the following
sections in which the state estimation and controller design
problems will be considered.

Proposition 2. The solution of the boundary control prob-
lem expressed in Eq. 32 is well defined for every input
u tð Þ 2 L2 0; T½ �;Uð Þ.

The proof of Proposition 2 is provided in the Appendix. Let
us briefly summarize the procedure thus far before proceeding
to the following sections. We have considered the PDE system
in Eqs. 4–6 which has two distinguishing features: first, the
presence of time-dependent generation terms, and second, the
input is applied over a portion of the boundary. The transforma-
tion in Eq. 9 was utilized to convert the problem to a PDE sys-
tem in Eq. 10 with homogeneous boundary conditions. Next,
the infinite-dimensional system representation of the boundary
control problem was considered on the state space Z5L2 Xð Þ.
The formal definition yielded the representation of the PDE in
Eq. 10 as the nonautonomous infinite-dimensional system in
Eq. 28. Utilizing the two-parameter semigroup given in Eq. 30,
the solution of the nonautonomous infinite-dimensional system
is given in Eq. 31. Finally, the solution of the original system is
provided in Eq. 32. The following sections deal with the state
estimation and output feedback control problem for the deter-
mination of the input.

Remark 2. One can notice that the time-dependence of the
operator A(t) is due to the generation term g(t) associated
with the state. For g tð Þ5g (constant), the operator in Eq. 29
becomes

Av tð Þ5
X1

m50;n51

kmnhv tð Þ;wmni/mn; where kmn52a2
m;n1g;

(33)

which generates the analytic semigroup S(t), t � 0

S t2sð Þv sð Þ5
X1

m50;n51

ekmn t2sð Þhv sð Þ;wmni/mn (34)

State Estimation and Output Feedback Control

The measurement of the battery temperature is a critical
factor in the state estimation problem, the design to the
control law, and the overall performance of the closed loop
system. The true state (temperature distribution) must be
estimated from a finite-number of sensors collecting informa-
tion about the partial state of the system, for example, com-
binations of point, regional, boundary and in-domain
temperature measurements.

Methods utilized to approximate the state must take into
consideration physical design and practical limitations. From
a battery engineering perspective, an ideal situation would

be where the temperature measurements are noninvasive of
the actual functional parts of the battery, that is, realized by
placement of thermocouples which measure the temperature
only on points or regions of the boundary. In some lumped-
parameter models of the battery system, this approach is uti-
lized.27 However, as in the present context in which the tem-
perature is assumed to be distributed, the restriction to
boundary measurements represents a complex problem.
From a mathematical control perspective, the approach to
the state estimation and controller design problem is the con-
struction of an observer. The case in which only boundary
measurements are available inherits two primary challenges:
first, the temperature of the system throughout of the domain
must be reconstructed from the measured temperature avail-
able only on a portion(s) of the boundary, and therefore
requires the determination of a relationship between the two;
second, the relationship between the boundary and domain
temperatures can only be developed from the state estimates
of the system (along with state estimates or measured states
available on the boundary) as the temperature of the actual
system is not known a priori. Although there are some
works on the recovery of the system state from boundary
measurements, compensator design remains an active area of
research in distributed parameter systems.28,29

A less restrictive set of problems exist for cases in which

measurements of the temperature field are assumed to be

available from embedded sensors. Usually, the sensor meas-

urements are taken to be point or averaged readings over

small increments, from which the partial state of the system

is ascertained. This idea naturally leads to important ques-

tions pertaining to the number and optimal placement of sen-

sors required to ensure that the system is (approximately)

observable, detectable, stabilizable, etc., by checking rank

conditions dependent on the sensor locations and definition

of the measurement functions. From a control engineering

perspective, one alternative to the state estimation problem is

the use of point or regional sensors to reconstruct the temper-

ature field by interpolation. An advantage of this approach is

that it circumvents the need to design an observer, by using

the reconstructed temperature field to obtain the state of the

system which is then directly utilized in the controller design.

This convenience comes at a cost of introducing computa-

tional overhead necessary to interpolate the temperature field

from measurements, but this cost is offset as the method

does not require an observer system to be run concurrent to

the process. Moreover, the controller performance based

directly on the measured states may be an improvement over

the use of an observer system which requires the careful

design of the observer gain such that the states converge to

those of the actual system in a reasonable time to ensure the

stability of the closed loop system. While the direct use of

the measured states provides a more robust method for the

feedback design problem, the accuracy of the estimation and

state reconstruction also depends on the number and place-

ment of the measurement locations. These ideas along with

comparative cases will be discussed in further detail within

later sections. In this section, we restrict our discussion and

focus on first, the observer design method to demonstrate the

dynamical properties of the closed loop output feedback sys-

tem. Secondly, we consider the direct use of the state meas-

urements for the state reconstruction via interpolation which

will enable the practical realization of the output feedback

boundary controlled battery temperature regulation problem.
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Observer design

In practice, sensors are used to measure the temperature at
points or regions which contain only partial information about
the entire state of the system. The output y(t) is given by

y tð Þ5Cz tð Þ : 5

ð
X

c r; hð Þz r; h; tð Þdrdh (35)

The function c r; hð Þ is approximated by the shape function
around the measurement points ri; hið Þ 2 X, i51; 2;…; nmsr

with c r; hð Þ given by

c r; hð Þ5 1

4f1f2

d ri2f1;ri1f1½ � rð Þd hi2f2;hi1f2½ � hð Þ (36)

where d ri2f1;ri1f1½ � rð Þ51 for ri2f1 � r � ri1f1, and 0 other-

wise (similarly, d hi2f2;hi1f2½ � hð Þ is defined). In the case of a

single temperature measurement, for example, C is a
bounded linear operator C 2 L Z;Yð Þ with the norm

1= 2
ffiffiffiffiffiffiffiffiffi
f1f2

p� �
and Y5R. Measurements on the boundary at

r 5 1 and hj, j51; 2;…;mmsr can be approximated by the

functions c 1; hð Þ5d hj2f2;hj1f2½ � hð Þ, or analogous to the input

function as in Eq. 8, taken from a region of the boundary
g 2 2p;pð Þ centered at hmsr . In the case of point measure-
ments where c r; hð Þ is given in Eq. 36, the compensator
design problem for the boundary control system, as in Eq.
28, is given by

_v tð Þ5A tð Þv tð Þ1A tð ÞBu tð Þ2B _u tð Þ1q tð Þ; y tð Þ5Cv tð Þ (37)

Recall from Proposition 2 that the solution of Eq. 37 is
well defined for every u tð Þ 2 L2 0;T½ �;Uð Þ such that the con-
trol law can be determined based on the input, rather than its
derivative, and denote this system by

P
A tð Þ;A tð ÞB;Cð Þ,

which is assumed to be exponentially detectable. Consider a
Luenberger observer for the system in Eq. 37 given by

_̂v tð Þ5A tð Þv̂ tð Þ1A tð ÞBu tð Þ2B _u tð Þ1q tð Þ2L y tð Þ2ŷ tð Þð Þ;
ŷ tð Þ5Cv̂ tð Þ

(38)

where v̂ tð Þ denotes the state estimates with initial condition
v̂ 0ð Þ5v̂0 and L 2 L Y;Zð Þ is the observer gain operator. The
dynamics of the error e tð Þ5v tð Þ2v̂ tð Þ between the states v(t)
and the estimates v̂ tð Þ are governed by the system

_e tð Þ5 A tð Þ1LCð Þe tð Þ (39)

Note that the entropy-related generation term g tð Þ 2
C 0; T½ �;Zð Þ is bounded (see Figure 1) such that jjg tð Þjj
� kg5sup jjg tð Þjj : t 2 0;T½ �f g, and that the operator A(t) in
Eq. 26 can be seen as a perturbation of an autonomous oper-
ator A which is the infinitesimal generator of a strongly con-
tinuous semigroup SA tð Þ, t � 0. That is

A tð Þ5A1g tð Þ; where g tð Þv 2 C 0;T½ �;Zð Þ (40)

The semigroup SA tð Þ is exponentially stable

jjS tð Þjj � Mext; x0 : 5 sup
m�0;n�1

2a2
mn

� �
� x (41)

where M is a generic positive constant, and x < 0. By
choosing the observer gain such that kg1jjLCjj5c < 0, the
operator A tð Þ1LC generates the exponentially stable two-
parameter semigroup ULC t; sð Þ

jjULC t; sð Þjj � Me x1cð Þ t2sð Þ (42)

Then, the solution of Eq. 39 is expressed as

e tð Þ5ULC t; sð Þe0 (43)

where e05v02v̂0. As ULC t; sð Þ is exponentially stable, the
error e tð Þ converges to zero as t!1. Now, suppose for the
moment that the nonhomogeneous generation term, inde-
pendent of the state, is zero, that is, q tð Þ50. Consider the
input u tð Þ5Fv̂ tð Þ where F 2 L Z;Uð Þ feedback gain operator.
The closed loop system for Eqs. 37 and 38 can be written
together on the extended state space Ze5Z�Z as

_ve tð Þ5Ae tð Þve tð Þ; ve tð Þ5
v tð Þ

v̂ tð Þ

0
@

1
A

and

Ae tð Þ5
A tð Þ1BF I1BFð Þ21LC A tð ÞBF2BF I1BFð Þ21 A tð Þ1LC1A tð ÞBFð Þ

2 I1BFð Þ21LC I1BFð Þ21 A tð Þ1LC1A tð ÞBFð Þ

0
@

1
A

(44)

Utilizing the operator matrices I15
I 2I

0 I

 !
and

I25
I I

0 I

 !
, the extended operator Ae tð Þ is transformed to

the following form

I1Ae tð ÞI25
A tð Þ1LC 0

2 I1BFð Þ21LC I1BFð Þ21 A tð Þ1A tð ÞBFð Þ

 !

(45)

The closed loop behavior of the output feedback system can
be understood from Eq. 45 where the eigenspectrum of the
closed loop system is given by r A tð Þ1LCð Þ [ r A tð Þ1A tð ÞBð Þ.

One can see that if L is chosen such that A tð Þ1LC generates a

stable two-parameter semigroup, then the choice of F such that

A tð Þ1A tð ÞBF generates an exponentially stable two-parameter

semigroup also stabilizes the closed loop system. Each of the

gain operators L and F can be designed optimally by consider-

ing the appropriate minimization problems.15,30 One can note

that the inclusion of the nonhomogeneous generation term q(t)
does not change the structure of Eq. 45, but appears as addi-

tional terms in Eq. 44 which are all independent of the state.

An alternative approach to the stabilizing regulator design is by

the conversion of the nonhomogeneous state equation in Eq. 37

into a homogeneous state equation via transformation. The

associated optimization problem for the resulting homogeneous
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system given in terms of the transformed state can then be con-

sidered [Ref. 30, Chapter 7.2, Part 4].

Interpolation-based output feedback controller design

Another approach toward the output feedback controller
design is by directly utilizing the set of point or regional
sensor measurements to reconstruct the entire temperature
field by interpolation. That is, by utilizing the set of mea-
surement points ri; hið Þ (and also rj; hj

� �
), the temperature

is approximated for all r; hð Þ 2 X and t 2 0;T½ � as
z r; h; tð Þ � ẑ r; h; tð Þ, such that the output is given by
y tð Þ � ẑ tð Þ5hẑ r; hð Þ;wmni. One advantage of utilizing the
temperature readings to interpolate the entire temperature
field is that the output contains more information about the
system than from individual temperature measurements, pro-
vided that the sensors are reasonably placed to capture the
distribution. The logical choices of sensor locations in the
present context of the battery control problem should reflect
the axial symmetry of the domain and the expected dynami-
cal behavior of the temperature evolution. For example, the
temperature distribution in Figure 3a is reconstructed in Fig-
ure 3b by utilizing a total number of nine measurement loca-

tions, where a; b; d; ff g are point measurements along the
boundary, g; h; i; jf g are taken along an intermediate ring at
the interior of the domain, and the sensor kf g is located
at the center of the disk. Although the initial temperature
distribution is not axisymmetric, one can note from modal
analysis that the dominant mode is associated with the eigen-
function / 1ð Þ

01 > 0, Eq. 13, which is radially symmetric. This
implies that nonradially symmetric initial temperature distri-
butions eventually tend to exhibit radially symmetry, and
this dynamical behavior is reflected in the configuration of
sensor placement shown in Figure 3a.

In terms of the output feedback control problem, the con-
troller design is then considered for the system R A tð Þ;ð
A tð ÞB; IÞ. The determination of the input u(t) has two com-
ponents: first, the stabilization of the state-related generation
term g(t), and second, the stabilization of the nonstate-
related generation term q(t). For the state-related component,
one may consider the finite-time horizon quadratic minimiza-
tion of the cost functional30

J v0; 0; T; uð Þ5
ðT

0

jv sð Þj21jRu sð Þj2
� �

ds1hv Tð Þ;Qv Tð Þi

(46)

The operator Q 2 L Zð Þ is self-adjoint and nonnegative
and R 2 U is coercive. The associated solution is determined
in terms of the operator P tð Þ 2 L Zð Þ which is the strongly
continuous, self-adjoint, nonnegative solution of the differen-
tial Riccati equation30

_P tð Þ1 A tð Þð Þ�P tð Þ1P tð ÞA tð Þ2P tð Þ A tð ÞBð ÞR21
A tð ÞBð Þ�P tð Þ

1I50

(47)

with final time condition P Tð Þ5Q. The nonstate-related gen-
eration term is accounted for by considering the auxiliary
differential equation in terms of C tð Þ

_C tð Þ5 A tð Þð Þ�2P tð Þ A tð ÞBð Þ A tð ÞBð Þ�½ �C tð Þ1P tð Þq tð Þ;
C Tð Þ50

(48)

Together, the finite time optimization problem has the
minimizing solution related by the feedback formula

umin tð Þ52R21
A tð ÞBð Þ� P tð Þv tð Þð Þ2 A tð ÞBð Þ�C tð Þ (49)

Given that the interpolated temperature field provides a good
approximation to the actual one, the state v̂ tð Þ � v tð Þ can be uti-
lized in the feedback formula in Eq. 49 to stabilize the system.

There are two important issues to be discussed before proceed-
ing to the realization of the battery control problem in the follow-
ing section. First, one can note that the generation terms g(t) and
q(t) which are the sources of instability in the system effect all of
the modes m; nð Þ of the system. For the state-related generation
term g(t), this instability can be seen directly from Eq. 29 where

kmn tð Þ52a2
m;n1g tð Þ. As g(t) is bounded, there exists a finite-set

of modes which are unstable, that is, the set mu; nuð Þ such that
kmu;nu

> 0. Then, a finite-dimensional controller in terms of P tð Þ
in Eqs. 47–49 of order mu1nu can be designed to stabilize these
modes. However, the nonstate-related generation term q(t), while
also bounded and only dominant in the first few modes, contrib-
utes to all of m; nð Þ. Consequently, it is not feasible to obtain a
finite-dimensional controller in terms of C tð Þ from Eq. 48 such
that the control law in Eq. 49 will completely negate the

Figure 3. Initial battery temperature distribution
z r; h;0ð Þ5z0 r; hð Þ and temperature distribu-
tion reconstructed by Delaunay triangula-
tion interpolation method.31

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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contribution of the nonstate-related generation term. However, in
the following section, we will demonstrate that it is possible to
mitigate the growth in temperature by using a low-order finite-
dimensional controller based on the infinite-dimensional system
representation of the battery control problem with boundary input.

Numerical Simulation and Case Studies

This section deals with the application of the closed loop
output feedback controller design based on the infinite-
dimensional systems representation of the Li-ion battery
boundary controlled thermal regulation problem. A set of
case studies will be considered to demonstrate the effect of
controller tuning on the overall behavior of the temperature
dynamics in the closed loop system. The general approach
will be to utilize the plant model provided in the Model
Description section, and employ a finite-dimensional output
feedback controller based on the formulation presented in
the previous section. We consider a battery system with a
1.5 Amp hour capacity discharged at a rate of 1C where the
dynamics of the plant model is based on the modal decom-
position of the PDE system in Eqs. 4–6 into a finite-
dimensional system.8 The system parameters are listed in
Table 4. The open loop dimensionless temperature distribu-
tion z r; h; tð Þ of the battery at select time instances is shown
in Figure 4 starting from the initial distribution shown in
Figure 3a. The total entropy change is shown in Figure 1d.
One can see the effect on the battery temperature due to the
generation terms g(t) and q(t) which are dependent on the
total entropy change as the battery is discharged.

The output feedback controller design is based on the method
proposed in the previous section. First, the temperature measure-
ment locations shown in Figure 3a are used to reconstruct the tem-
perature distribution ẑ r; h; tð Þ by interpolation as in Figure 3b. The
first-order control law corresponds to the single unstable mode of
the system at m50; n51, that is, k tð Þ01 > 0 and k tð Þmn < 0 for all
m � 1; n � 2, t 2 0; T½ �. The quadratic minimization problem

given in Eqs. 46–48 is solved to obtain the feedback formula in Eq.
49. The input u tð Þ 2 R is explicitly given by

umin tð Þ52R21P01 tð Þh A tð ÞBð Þv̂;w01i/01

2C01 tð Þh A tð ÞBð Þ;w01i/01

52D21 R21P01 tð Þ
 ðp

2p

ð1
0

A tð ÞBð Þẑw01drdh

!
/01

2
4

1C01

�
t
� ðp

2p

ð1
0

A tð ÞBð Þw01drdh

!
/01

#0
@

(50)

where D512R21P01

� Ð p
2p

Ð 1

0
ðAðtÞBÞBw01drdh

�
/01. The

function P01 tð Þ 2 R is the solution of the scalar form of the

Figure 4. Open loop temperature distributions.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. Solutions P01 tð Þ and C01 tð Þ under controller
tuning parameters.

Table 1. Cases 1 and 2: Measurement and Control

Parameters

Parameter Setting

Number of sensors 9
Sensor locations a,b,d,f,g,h,i,j,k
Centre of input hctr 5p=2
Boundary input region r 5 1, h 2 p=4; 3p=4ð Þ
Shape parameter K1520
Case 1: Controller tuning R51:5;Q510
Case 2: Controller tuning R55;Q55
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differential Riccati equation in Eq. 47 corresponding to the
first mode of the PDE system, and similarly C01 tð Þ 2 R is
the solution of the scalar form of the auxiliary equation in
Eq. 48. Each of these solutions shown in Figures 5a and 5b,
respectively, are dependent on the controller tuning parame-
ters Q 2 R and R 2 R.

The following case studies are considered to examine the
effect of sensor placement, number of sensors, and controller
tuning parameters on the closed loop feedback system. Cases
1 and 2 use the same sensor number and placement, while
the controller used in Case 1 is relatively more aggressive
controller than the controller used in Case 2. The second set
of cases Cases 3 and 4 use a reduced number of sensors in a
different configuration than Cases 1 and 2.

Cases 1 and 2

The closed loop feedback systems for Cases 1 and 2 were
simulated using the sensor and tuning parameters in Table 1.
The boundary input profiles for each set of tuning parameters
is shown in Figure 6a. As expected, the tuning parameters
used in the control design for Case 1 resulted in a relatively
more aggressive input profile compared to the input profile
used in the control design for Case 2. The battery tempera-
ture distribution and the reconstructed temperature distribu-
tion at select time instances for Case 1 is shown in Figure
8a (cf. Figure 4) where the influence of the input over the
region of the boundary centered at p=2 on the whole distri-
bution can be clearly seen. The overall temperature distribu-
tion and dynamical behavior is captured by the interpolation
scheme using the number and configuration of sensors. The
total system energy E5jjz r; h; tð Þjj profiles for Case 1, Case
2, and for the open system, are shown in Figure 6b. One can
see the growth in overall system energy in the open loop
system due to the exothermic heat generation, and the energy
profiles of the closed loop systems each show a lower total
system energy profile. At the end of the discharge cycle,
E � 200 for the controller designed using the parameters in
Case 1, compared to E � 450 for the open loop system.
While the controller is not able to completely dissipate the
heat generated by the exothermic chemical reactions produc-
ing the current in the battery, the maximum temperature and

Figure 6. Input and energy profiles for Cases 1 and 2.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 2. Cases 3 and 4: Measurement and Control

Parameters

Parameter Setting

Number of sensors 4
Sensor locations a,c,e,k
Centre of input hctr 5p=2
Boundary input region r 5 1, h 2 p=4; 3p=4ð Þ
Shape parameter K1520
Case 3: Controller tuning R51:5;Q510
Case 4: Controller tuning R55;Q55

Figure 7. Input and energy profiles for Cases 3 and 4.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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overall temperature variance is reduced by use of the output
feedback controller with boundary actuation. As previously
discussed, it is not possible to completely negate the influ-
ence of the nonstate generation term q(t) as it affects the
infinite-number modes. However, increasing the order of the
controller will further mitigate the effect of this generation
term.

Cases 3 and 4

In Cases 3 and 4, the number of sensors were reduced rel-
ative to the number used in Cases 1 and 2, and the place-
ment of the sensors was also altered (cf. Figure 3a). The
sensor and tuning parameters for each case are listed in
Table 2, the boundary input profiles are shown in Figure 7a,
the energy profiles are shown in Figure 7b, and the battery
temperature distribution and the reconstructed temperature

Figure 8. Closed loop temperature distributions for Cases 1 and 3.

(Left column) Actual temperature z r; h; tð Þ. (Right column) Reconstructed temperature ẑ r; h; tð Þ. [Color figure can be viewed in

the online issue, which is available at wileyonlinelibrary.com.]

Table 3. Nomenclature

Symbol Description

Cp Specific heat capacity (J kg 21K21)
F Faraday constant (96; 485C �mol 21)
h Heat transfer coefficient (W �m21K21)
i Current (Amps �m22)
K0 Thermal conductivity (W �m21K21)
nR Reaction charge number
_Q Heat generation (W �m23)

SD Entropy change (J �mol 21 � K21)
V Volume (m3)
x Electrode averaged ion concentration
Z Temperature (K)
Za Ambient temperature (K)
q Density (kg �m23)
rcon Electrical conductivity (S �m21)
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distribution at select time instances for Case 3 are shown in
Figure 8b. Once again, the input and energy profiles reflect
the difference in tuning parameters for each of the control-
lers corresponding to Cases 1 and 2. Comparison of the tem-
perature distributions in Figures 8a and 8b illustrates how
changing the number and the configuration of sensors influ-
ences the reconstruction of the temperature distribution. The
sensor placements, measurements taken, and the resulting
interpolation in Case 1 is better able to capture the nonsym-
metric temperature distribution of the disk compared to the
interpolation based on the sensor locations in Case 3. As pre-
viously mentioned, the temperature tends to an axisymmetric
distribution over time as the battery is discharged, and the
reconstructed distributions for Cases 1 and 3 become more
similar. One can notice that the input and energy profiles for
Cases 2 and 4, having the same tuning parameters, are
closely aligned. On the other hand, the input and the result-
ing energy profiles for Cases 1 and 3 show a greater differ-
ence. At the end of the discharge cycle, the energy is
E � 225 for the controller designed using the parameters in
Case 3 (compared to E � 200 for Case 1), and is E � 350
for each of the controllers corresponding to Cases 2 and 4.
This suggests that there may be a relationship between
aggressive controller tuning and the number and/or place-

ment of sensors. In other words, the input to the system gen-

erated by the controller is influenced by the number and the

placement of sensors (and subsequently, the accuracy of the

temperature distribution reconstruction), but this influence is

diminished for less aggressive control designs.

Summary

This article considered the thermal regulation problem for
a Li-ion battery by output feedback control and boundary
control actuation. The model of the battery temperature
dynamics was given by a nonhomogeneous parabolic partial
differential equation (PDE) on a 2-D spatial domain with
angular and radial coordinates. The heat generation during
battery discharge is attributed to the underlying exothermic
electrochemical reactions that appear as state-related and
nonstate-related generation terms in the model. Several key
challenges in the output feedback model-based controller
design were addressed in this work. First, the dependence of
the state on time-varying system parameters yielded a nonau-
tonomous infinite-dimensional system with time-varying non-
homogeneous generation term. Second, the restriction of the
input along a portion of the battery domain boundary
required the reformulation of the boundary control problem
into a suitable form. Third, the compensator design problem
was considered and the closed loop system for the observer-
based optimal boundary control system was demonstrated to
be stable under appropriate design of the observer and con-
troller gain operators using the separation principle. Finally,

the outback feedback control problem based on state
measurement and interpolation of the temperature field was
provided and the numerical simulation results for several
case studies were presented.
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Appendix
A proof of Proposition 1

It is standard to prove (i) and (ii), and for brevity we only
provide an outline of the procedure (e.g., see Ref. 30). The

entropy-related generation term g(t) is bounded by definition
jjg tð Þjj � kg5sup jjg tð Þjj : t 2 0;T½ �f g, and the operator A(t)
in Eq. 26 can be seen as a perturbation of an autonomous
operator A tð Þ5A1g tð Þ; where g tð Þv 2 C 0; T½ �;Zð Þ. The
semigroup SA tð Þ generated by A is exponentially stable,

kSA tð Þk � Mext;x0 : 5 sup m�0;n�1 2a2
mn

� �
� x, where M is

a generic positive constant, x > 0. Then, for z 2 Z,

z tð Þ5S tð Þz01
Ð t

0
S t2sð Þ g sð Þz sð Þð Þds and application of Gron-

wall’s lemma yields the bound on the evolution operator

jjU t; sð Þjj � Me x1kgð Þ t2sð Þ

The uniform continuity in the operator topology can be
demonstrated considering the approximation Uk t; sð Þ, and
application of the contraction mapping principle (method of
successive approximations), one can show that for any
z 2 Z, lim k!1 Uk t; sð Þz5U t; sð Þz uniformly.

The first identity U t; tð Þ5I is easily seen by inspection.
The second identity can directly verified where for
0 � s � r � t � T
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Note that double series terms within the inner product are
equal to zero for all k 6¼ m and l 6¼ n, and equal to 1 for
each k 5 m and l 5 n, due to the orthogonality of the eigen-
functions. Also, for every k;m50; 1; 2;…, l; n51; 2; 3…, the

inner product of the cross terms
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The second identity in (iii) can also be directly verified as
follows
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From the other side we have
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Similar as in the previous case, we have that
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A proof of Proposition 2

From the definition of the operator in Eqs. 29 and 30, we
have that
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Combining Eq. 32 and the expression above, the mild
solution is given by
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Rearranging terms gives that
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To demonstrate that the above equation is well defined for

every u tð Þ 2 L2 0;T½ �;Uð Þ, recall that g tð Þ; q tð Þ 2 L2 0; T½ �;Zð Þ,
B 2 L2 Xð Þ, D A tð Þð Þ � L2 Xð Þ. Moreover, from Figure 1d, the
generation term g tð Þ � g 0ð Þ1Mt for all 0 � s � s � T <1,
where M is a finite positive constant and g(0) is the initial
generation. Note that the operator A tð Þ defined in Eq. 23 can
be represented as A tð Þ5A1g tð Þ such that AB5bctr hð Þ
41l hð Þ= 2b11ð Þð and g tð ÞB5g tð Þbctr hð Þr2= 2b11ð Þ, from Eq.

11, and kmn tð Þ52a2
mn1g tð Þ, from Eq. 29. Then, by substitut-

ing these terms into the above equation yields
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Integrating over t 2 0;T½ � and appealing to the H€older
inequality, we have that				
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dn is the error function. As

21 � erf xð Þ � 1 for all x 2 R, then we have that				
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for all 0 � s � t � T, and therefore z(t) is well defined for
every u tð Þ 2 L2 0;T½ �;Uð Þ.
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